An addition and product formula for the Hahn-Exton q-Bessel function, previously obtained by use of a quantum group theoretic interpretation, are proved analytically. A (formal) limit transition to the Graf addition formula and corresponding product formula for the Bessel function is given.
Introduction
A classical result for the Bessel function jye i j < jxj, due to Graf (1893), cf. 19, x11.3(1)], for general , and due to Neumann (1867) for = 0, cf. 19, x11.2(1)]. In case 2 Z the conditions on x, y in (1.2) can be removed. Several q-analogues of the Bessel function (1.1) have been studied. The oldest qanalogues have been introduced by Jackson in 1903-1905, cf . the references in Ismail 4] . The q-Bessel function studied in this note is the so-called Hahn-Exton q-Bessel function which has been introduced by Hahn (1949) for a special case and by Exton (1978) in full generality, cf. references in Koornwinder and Swarttouw 13] .
The Hahn-Exton q-Bessel function is de ned by (1.3) J (z; q) = z (q +1 ; q) 1 (q; q) 1 1 ' 1 0 q +1 ; q; qz 2 : 2 H.T. KOELINK AND R.F. SWARTTOUW Here q 2 (0; 1), (a; q) 0 = 1, (a; q) k = Q k?1 i=0 (1 ? aq i ) for k 2 N, (a; q) 1 = lim k!1 (a; q) k and the q-hypergeometric function is de ned by r ' s a 1 ; a 2 ; : : : ; a r b 1 ; : : : ; b s ; q; z = 1 X k=0 (a 1 ; q) k (a 2 ; q) k : : : (a r ; q) k (q; q) k (b 1 ; q) k : : : (b s ; q) k z k (?1) k q 1 2 k(k?1) (s?r+1) :
The notation for q-shifted factorials and q-hypergeometric series is taken from the book by Gasper and Rahman 3] to which the reader is referred for more information on this subject. The goal of this note is to prove the formula
The proof starts with the following formula, valid for jsxyj < 1 and m 2 Z; In (2.1) we take x = q 1 2 (x? +1) , y = q 1 2 (x+1) and s = q 1 2 +n for n 2 Z + to get (2.2) q 1 2 mx (q ? ?n ; q) 1 (q m+1 ; q) 1 (q m? ?n ; q) 1 (q; q) 1 2 ' 1 q m? ?n ; q ?n q m+1 ; q; q x+n+1 = 1 X z=?1 q z(n+1+ 1 2 ) J x (q 1 2 (m+z) ; q)J x? (q 1 2 z ; q) valid for m 2 Z, 2 C, <(x) > ?1 and all n 2 Z + . In (2.2) we use the notation (1.3).
Multiply both sides of (2.2) by (q +1 ; q) 1 (q; q) 1 q 1 2 ( +y) (?1) n q 1 and sum from n = 0 to 1. After interchanging the summations over z 2 Z and n 2 Z + , which is justi ed for <(x) > ?1 and q 1+<(x)+<(y) jRj 2 < 1, cf. (q +1 ; q) n (q; q) n 2 ' 1 q ?n ; q ?n? q +1 ; q; q +n+1 a 2 b 2 :
From (2.5) we see that (2.4) equals (?1) m q ? 1 2 m J m (Rq 1 2 (x+y) ; q)J ?m (Rq 1 2 (y+ ?m) ; q); which proves the product formula (1.5).
Proof of the addition formula
The proof of the addition formula (1.4) uses the orthogonality relations (3.1) 1 X m=?1 q m+z J x (q 1 2 (z+m) ; q)J x (q 1 2 (l+m) ; q) = z;l ; for z; l 2 Z, <(x) > ?1, cf. 13, (2.11)]. In 13, x3] it is shown that (3.1) can be viewed as a q-analogue of the Hankel transform (or the Fourier-Bessel integral).
Multiply both sides of the product formula (1.5) by q m J x (q 1 2 (l+m) ; q) for l 2 Z and sum over m from ?1 to 1. We interchange the summations over m 2 Z and z 2 Z, which is allowed for <(x) > ?1, q 1+<(x)+<(y) jRj 2 < 1, cf. proposition A.2. An application of the orthogonality relations (3.1) and replacing m by ?m yields J (Rq 1 2 (y+l+ ) ; q)J x? (q 1 2 l ; q) = 1 X m=?1 (?1) m q ? 1 2 m J ?m (Rq 1 2 (x+y) ; q)J +m (Rq 1 2 (y+m+ ) ; q)J x (q 1 2 (l?m) ; q):
Since J ?n (z; q) = (?1) n q 1 2 n J n (zq 1 2 n ; q), n 2 Z, cf. 13, (2.6)], the addition formula (1.4) is proved.
The limit case q " 1 of the addition formula
In this section we present a (formal) limit transition of the q-analogue of the addition formula (1.4) for the Hahn-Exton q-Bessel function to Graf's addition formula (1.2) for the Bessel function.
First we recall the q-gamma function, cf. 3, x1.10],
The q-gamma function can be used to see that (formally)
See 13, App. A] for a rigorous limit result of this type.
In order to obtain Graf's addition formula (1.2) from (1.4) as q " 1 we have to consider the quotient of two Hahn-Exton q-Bessel functions, which we rewrite as an in nite sum of quotients of two Hahn-Exton q-Bessel functions of equal order. Explicitly,
Note that the Hahn-Exton q-Bessel functions on the right hand side of (4.3) only di er in the argument by a (half-)integer power of q. Equation (4.3) holds for J x? (q 1 2 z ; q) 6 = 0 and <(x ? ) > ?1. It can be proved by substituting the series representation (1.3) for the Hahn-Exton q-Bessel function J x? in the nominator on the right hand side of (4.3), interchanging summations and using the q-binomial formula.
The limit q " 1 in (4.3) can be taken with the help of the following proposition. The proof of the proposition is an easy adaptation of the proof of 17, thm. 1], which we will not give. Proposition 4.1. Suppose fp k (x; n) j k 2 Z + ; n 2 Ng is a series of functions satisfying a recurrence relation (4.4) x 2 p k (x; n) = a k+1;n p k+1 (x; n) + b k;n p k (x; n) + a k;n p k?1 (x; n) 6 H.T. KOELINK AND R.F. SWARTTOUW with a k;n > 0, b k;n 2 R and initial conditions p 0 (x; n) = f(x; n), p 1 (x; n) = g(x; n). Assume that the zeros of p k (x; n) are real for all k 2 Z + and all n 2 N and that (4.5) p k?1 (x; n) p k (x; n) < C ; 8 k; n 2 N;
uniformly for x 2 K for any compact subset K of CnR with d(K; R) > . Moreover, assume that lim n!1 a n;n = A > 0; lim n!1 b n;n = B 2 R; lim n!1 a 2 k;n ? a 2 k?1;n = 0; lim n!1 b k;n ? b k?1;n = 0;
uniformly in k.
Then we have for all x 2 K 0 , K 0 compact in Cn 0; 1], 0 = d(K 0 ; 0; 1]). Replace b, x by q +1 , y 2 q p?m and take the limit p ! 1. which is easily rewritten as Graf's addition formula (1.2) for the Bessel function. 5 . The limit case q " 1 of the product formula A (formal) limit transition of the product formula (1.5) for the Hahn-Exton q-Bessel function to product formula (1.6) for the Bessel function is presented in this section.
We rst rewrite the product formula (1. In order to calculate the limit of the integral on the right hand side of (5.1) we assume x = 2n , q = c 1 n , for > 0, c 2 (0; 1), so that we can use (4.7) (with = 0) to nd for r 2 Z + In the appendix we investigate the absolute convergence of two double sums occuring in sections 2 and 3. The estimates used are based on the estimates given in 13]. In particular, cf. 13, (2.4)], (A.1) jJ (z; q)j jz j (?q <( )+1 ; ?qjz 2 j; q) 1 (q; q) 1 : The remaining sum over z is nite and causes no problems. The case m 0 is essentially the same. Proposition A.2. The double sum 1 X m=?1 q m J x (q 1 2 (l+m) ; q) 1 X z=?1 q z J x (q 1 2 (m+z) ; q)J x? (q 1 2 z ; q)J (Rq 1 2 (y+ +z) ; q) is absolutely convergent for <(x) > ?1, jRj 2 q 1+<(x)+<(y) < 1.
Proof. First we estimate the inner sum over z as a function of m. For the Hahn-Exton q-Bessel function of order x and x? we use the same estimates as before, and from (A.1) we get jJ (Rq 1 2 (y+ +z) ; q)j Cq 1 2 <( )z 1; z 0; jRj ?2z q ?z(<(y+ )+1) q ? 1 2 z(z?1) ; z 0, where C is independent of m. Denote by S m (1) the inner sum over z from max(0; ?m) to 1, then we nd, using these estimates, for <(x) > ?1, 
